Let Pij(z) = 22« Pi?2"' and ^et R<i denote the radius of convergence of this power series. Vere-Jones [8, p. 14] proved that Py is independent of i and j and that the series Pij(R) diverge or converge together.
In the first case the chain is called P-recurrent and in the other P-transient.
The principal result of this paper is that, for an P-recurrent chain, if
for some positive integer d, then SRLP holds. It is also shown that the inequality (1.2) is always satisfied in a reversible chain. When P = 1, the results given here reduce to those of Orey [7] for recurrent chains, while for P> 1 they imply SRLP for a class of transient chains. (The definition of SRLP given by Orey required that 7=1 and that r< be independent of i since he was dealing with recurrent chains. The definition given here is the more natural one for transient chains.)
The proofs given here were suggested by those used by Orey in the recurrent case. Although the proof given for the lemma is shorter than Orey's, the fundamental difference here is an analytic proof of Theorem 1 to replace the previous probabilistic one.2 ¿J-RECURRENT MARKOV CHAINS 2. The ratio limit theorem. Let ¡¡pff be the probability, starting from i, of being at j at step « without visiting k at steps 1, 2, • • • , re -1. Denote by uPij(z) the generating function of this sequence.
Lemma. If the chain is R-recurrent and
then SRLP holds.
Proof. For «^ -jre + 2, consider the decomposition
Assume that rei^O, divide by p$ and let «-»». (If jre>0, £&+n>
should be used instead of £oo ■) The result is
Fix i and j and choose a and ß so that plf and £$' are positive and a+ßiZ -m. For re^ -reí,
Divide by po § and let « go to infinity along a subsequence chosen so that Pif^/Poo approaches its lim sup. The lim inf of the left-hand side is no larger than the corresponding lim sup when not restricted to the subsequence. By (2.1) this is bounded above by p-">-«-0. The lim inf's of the individual terms on the right will be bounded below by the lower bounds obtained in the first part of the proof. Therefore
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To complete the proof it suffices to observe that The inequality (2.3) implies that the sequence {x,-} attains its minimum value c for some index k between 0 and d. Since F(R) = 1, (2.4) then shows that xk+, = c for all v such that/y>0. In fact, by iterating the inequality (2.4) and using the aperiodicity assumption we see that Xj = c for all sufficiently large j. It now follows from (2.3) that the minimum is attained for all 7. Since x0 = l, x¡ = l for all j.
Fix an index i and choose a subsequence of w so that und-i/u"¿ approaches its lim sup along this subsequence. In place of (2.4), we have, for 7<i, or y¡-l'^fi-jR*~i(yi -l). Since Yo = l, y¿ = l for all i such that/¡>0 or, again by iteration, y¿ = l for all sufficiently large i. Thus we certainly have d + 1 consecutive values of j such that lim (und_j/uni) =R' as re->oo. This implies tim(un+i/un) = P_1 and the lemma completes the proof. Proof. Kendall [6] has shown that for a reversible chain
where \p is a nondecreasing bounded function. Therefore
so that u2n+2/u2n is a nondecreasing sequence and must converge. The limit will be the reciprocal of the radius of convergence of the power series ¿~^n u2nzn. But this series will certainly converge for \z\ <R2 so that lim(u2n+2/u2n) ^R~2.
Example 1 (simple random walk with a reflecting barrier). The state space is the non-negative integers and poo = q, poi = P\ pi,i-i -<l> pi,i+i = P, î'sïl. If p>\/2, Karlin and McGregor [5] have observed that SRLP does not hold. The chain is necessarily P-transient and this is a case where u2n+i/u2n and u2n+2/u2n+i converge to distinct positive limits. Example 2 (unrestricted simple random walk). The state space is all the integers and pi,i-i = q, p¡,i+i = p for all i. This chain is P-recurrent but periodic so the SRLP cannot hold. Example 3. The state space is again all the integers and pi,i-i = q, pa = r, pi,i+i=p for all i, p+q+r=l, with p, q, r>0.
This chain is aperiodic and P-recurrent so it has the SRLP.
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